ON QUANTIZATION OF COMPLEX SYMPLECTIC 

MANIFOLDS 
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Abstract. Let X be a complex symplectic manifold. By showing that 
any Lagrangian subvariety has a unique lift to a contactification, we 
associate to A" a triangulated category of regular holonomic microdif- 
ferential modules. If X is compact, this is a Calabi-Yau category of 
complex dimension dim A" + 1 . We further show that regular holonomic 
microdifferential modules can be realized as modules over a quantization 
algebroid canonically associated to X. 
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Introduction 

Let X be a complex symplectic manifold. As shown in [16] (see also |13]). 
X is endowed with a canonical deformation quantization algebroid \Nx- 
Recall that an algebroid is to an algebra as a gerbe is to a group. The local 
model of \Nx is an algebra similar to the one of microdifferential operators, 
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with a central deformation parameter h. The center of Wx is a subfield k 
of formal Laurent series C[h~^, h]]. 

Deformation quantization modules have now been studied quite exten- 
sively (see [3l im |T2j and also [El [19] for related results), and they turned 
out to be useful in other contexts as well (see e.g. ^). Of particular in- 
terest are modules supported by Lagrangian subvarieties. It is conjectured 
in [TI] that, if X is compact, the triangulated category of regular holonomic 
deformation-quantization modules is Calabi-Yau of dimension dimX over 
k. 

There are some cases (representation theory, homological mirror symme- 
try, quantization in the sense of [5]) where one would like to deal with 
categories whose center is C instead of k. In the first part of this paper, 
we associate to X a C-linear triangulated category of regular holonomic 
microdifferential modules. If X is compact, this category is Calabi-Yau of 
dimension dimX + 1 over C. 

Our construction goes as follows. For a possibly singular Lagrangian sub- 
variety A C X, we prove that there is a unique contactification p: F — )■ X of 
a neighborhood of A and a Lagrangian subvariety T gY such that p induces 
a homeomorphism between F and A. As shown in the contact manifold 
Y is endowed with a canonical microdifferential algebroid Ey. We define the 
triangulated category of regular holonomic microdifferential modules along 
A as the bounded derived category of regular holonomic Ey-modules along 
F. We then take the direct limit over the inductive family of Lagrangian 
subvarieties A C X. 

In the second part of this paper, we show that regular holonomic microd- 
ifferential modules can be realized as modules over a quantization algebroid 
Ex canonically associated to X. More precisely, if F C F is a lift of A C X as 
above, we prove that the category of coherent Ey-modules supported on F is 
fully faithfully embedded in the category of coherent Ex-modules supported 
on A. ^ 

Our construction of Ex is similar to the construction of \Nx in [TBj, which 
was in turn similar to the construction of Ey in [B]. Here, we somewhat 
simplify matters by presenting an abstract way of obtaining an algebroid 
from the data of a gerbe endowed with an algebra valued functor. Let us 
briefly recall the constructions of Ey, Wx and present the construction of 

Ex. 

Denote by P*M the projective cotangent bundle to a complex manifold M 
and by £m the ring of microdifferential operators on P*M as in [l^. Recall 
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that, in a local system of coordinates, Sm is endowed with the anti-involution 
given by the formal adjoint of total symbols. 

Let y be a complex contact manifold. By Darboux theorem, the local 
model of Y is an open subset of P*M. By definition, a micro differential 
algebra £ on an open subset ^ C F is a C-algebra locally isomorphic to 
£m- Assume that £ is endowed with an ant i- involution *. Any two such 
pairs {£\ *') and {£, *) are locally isomorphic. Such isomorphisms are not 
unique, and in general it is not possible to patch the algebras £ together 
in order to get a globally defined microdifferential algebra on Y . However, 
the automorphisms of {£, *) are all inner and are in bijection with a sub- 
group of invertible elements of £. This is enough to prove the existence 
of a microdifferential algebroid Ey, i.e. an algebroid locally represented by 
microdifferential algebras. 

Denote by T*M the cotangent bundle to a complex manifold M, by (t; r) 
the symplectic coordinates on T*C, and consider the projection 

P*(M X C) A r*M, (x, t- e, r) ^ (x, e/r) 

defined for r 7^ 0. This is a principal C-bundle, with action given by transla- 
tion in the t variable. Note that, for A G C, the outer isomorphism Ad(e'*"^*) 
of p^£mxc acts by translation t t + \ at the level of total symbols. 

Let X be a complex symplectic manifold. By Darboux theorem, the local 
model of X is an open subset of T*M. Let p: V ^ U he a. contactification 
of an open subset U <Z X. By definition, this is a principal C-bundle whose 
local model is the projection {t 7^ 0} — )■ T*M above. Consider a quadruple 
(p, *, h) of a contactification p: V ^ U, a microdifferential algebra £ on 
V, an anti-involution * and an operator h E £ locally corresponding to 
d'[^. One could try to mimic the above construction of the microdifferential 
algebroid Ey in order to get an algebroid from the algebras p^£. This fails 
because the automorphisms of {p,£,*,h) given by Ad(e^'"* ) for A e C are 
not inner. There are two natural ways out. 

The first possibility, utilized in [TB], is to replace the algebra p^:£ by its 
subalgebra W = C^^p*£ of operators commuting with h. Locally, this corre- 
sponds to the operators of p*<£^Mxc whose total symbol does not depend on 
t. Then the action of Ad(e^^* ) is trivial on W, and these algebras patch 
together to give the deformation-quantization algebroid W^. 

The second possibility, which we exploit here, is to make Ad(e^'* ) an 
inner automorphism. This is obtained by replacing the algebra p^£ by the 
algebra 

Aec 
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where p^£ = {a G p*£^; ad(^)^(a) = 0, > 0} locally corresponds 
to operators in p^Euxc whose total symbol is polynomial in t. By patching 
these algebras we get the quantization algebroid Ex- The deformation pa- 
rameter h is not central in Ex- We show that the centralizer of h in Ex is 
equivalent to the twist of Wx ®c (©agc Ce'^^' ) by the gerbe parameterizing 
the primitives of the symplectic 2-form. 

In an appendix at the end of the paper, we give an alternative construc- 
tion of the deformation-quantization algebroid Wx- Instead of using con- 
tactifications, we consider as objects deformation-quantization algebras en- 
dowed with compatible ant i- involution and C-linear derivation. We thus 
show that Wx itself is endowed with a canonical C-linear derivation. One 
could then easily prove along the lines of [15] that Wx is the unique k-linear 
deformation-quantization algebroid which has trivial graded and is endowed 
with compatible anti-involution and C-linear derivation. 

Finally, we compare regular holonomic quantization modules with regular 
holonomic deformation-quantization modules. 

This paper is organized as follows. 

In section [H after recalling the definitions of gerbe and of algebroid on a 
topological space, we explain how to obtain an algebroid from the data of a 
gerbe endowed with an algebra valued functor. 

In section |2l we review some notions from contact and symplectic geom- 
etry, discussing in particular the gerbe parameterizing the primitives of the 
symplectic 2-form. We further show how a Lagrangian subvariety lifts to a 
contactification. 

In section [31 we first recall the construction of the microdifferential alge- 
broid of [6] in terms of algebroid data. Then we show how to associate to a 
complex symplectic manifold a triangulated category of regular holonomic 
microdifferential modules. 

In section m we start by giving a construction of the deformation-quantization 
algebroid of [16] in terms of algebroid data. Then, with the same algebroid 
data, we construct the algebroid Ex- 

In section [5l we prove coherency of quantization algebras and show how 
to realize regular holonomic microdifferential modules as modules over Ex- 

In appendix [XI we give an alternative description of the deformation quan- 
tization algebroid using deformation-quantization algebras endowed with 
compatible anti-involution and C-linear derivation. We also compare reg- 
ular holonomic deformation-quantization modules with regular holonomic 
quantization modules. 

The results of this paper were announced in [1], to which we refer. 
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1. GeRBES AND ALGEBROID STACKS 



We review here some notions from the theory of stacks, in the sense of 
sheaves of categories, recaUing in particular the definitions of gerbe and of 
algebroid (refer to |ll[T0l[T3l|2]). We then explain how to obtain an algebroid 
from the data of a gerbe endowed with an algebra valued functor. 



1.1. Review on stacks. Let X be a topological space. 

A prestack C on X is a lax analogue of a presheaf of categories, in the 
sense that for a chain of open subsets W G V G U the restriction functor 
C{U) C{W) coincides with the composition C{U) C(V^) C(W) only 
up to an invertible transformation (satisfying a natural cocycle condition 
for chains of four open subsets). The prestack C is called separated if for 
any U G X and any p,p' G C(f/) the presheaf U D V B.om^y^{p\v,p'\v) 
is a sheaf. We denote it by 'Homc(p, p'). A stack is a separated prestack 
satisfying a natural descent condition (see e.g. |TOl Chapter 19]). If p: F — )■ 
X is a continuous map, we denote by p~^C the pull back on y of a stack C 



A groupoid is a category whose morphisms are all invertible. A gerbe on 
X is a stack of groupoids which is locally non empty and locally connected, 
i.e. any two objects are locally isomorphic. Let ^ be a sheaf of commutative 
groups. A ^-gerbe is a gerbe P endowed with a group homomorphism Q — >■ 
Aut (idp). We denote by P P' the contracted product of two ^-gerbes. A 
^-gerbe P is called invertible if Q\u — )■ Autp{p) is an isomorphism of groups 
for any U G X and any p G P{U). 

Let 7^ be a commutative sheaf of rings. For an 7^-algebra A denote by 
Mod(v4) the stack of left ^-modules. An 7^-linear stack is a stack A such 
that for any U G X and any p,p' G A(f/) the sheaves T-LomA^p' ,p) have 
an 7?. I {/-module structure compatible with composition and restriction. The 
stack of left A-modules Mod (A) = Fct7^(A, Mod (7^)) has 7^-linear functors 
as objects and transformations of functors as morphisms. 

Let £ be a commutative 7?.-algebra and A an 7^-linear stack. An action 
of £ on A is the data of 7?. algebra morphisms C\u £nd\{p) for any 
U G X and any p G ^{U), compatible with restriction. Then C acts as a 
Lie algebra on l-Lomj\(j)' ,p) by [/, /] = Ipf — flpi, where Ip denotes the image 
of / G C{U) in Sndp,{p). This gives a filtration of A by the centralizer series 



on X. 



Cp-LomA{p,p) 
Ci.'Hamj.ip^p) 



{/; [/,/]=0, V/g£}, 

{/; [l,f]eCl\ V/g£} foranyz>0. 
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Denote by C^k and C^A the substacks of A with the same objects as A 
and morphisms C^T-Lom/^ and [J-C}-^Hom/^, respectively. Note that C^A is 
an /^-hnear stack and C^A is an 7^-hnear stack. 

An 7^-algebroid A is an 7^-hnear stack which is locally non empty and 
locally connected by isomorphisms. Thus, an algebroid is to a sheaf of 
algebras as a gerbe is to a sheaf of groups. For p G A(f/), set Ap = SndA^p). 
Then A|;7 is equivalent to the full substack of Mod(^°P) whose objects are 
locally free modules of rank one. (Here Ap^ denotes the opposite ring of 
Ap.) Moreover, there is an equivalence Mod(A|[7) ~ Mod(^p). One says 
that A is represented by an 7^-algebra ^ if ^ ~ for some p G A(X). 
The 7^-algebroid A is called invertible if Ap ~ 7?.|;7 for any U G X and any 
p G A{U). 

The pull-back and tensor product of algebroids are still algebroids. The 
following lemma is obvious. 

Lemma 1.1.1. Let A be an TZ- algebroid endowed with an action of C IfC^A 
is locally connected by isomorphisms, then C^A and C^A are algebroids. 

1.2. Algebroid data. Let TZ-A\g be the stack on X with 7?.-algebras as 
objects and 7^-algebra homomorphisms as morphisms. 

Definition 1.2.1. An 7^-algebroid data is a triple (P, $,^) with P a gerbe, 
$ : P — !■ 7^-Alg a functor of prestacks and i a collection of liftings of group 
homomorphisms 



<l>(p)' 



:i.2.ii 




Ad Vf/ C X, Vj9 G P(f/), 



Sndp{p) AutTz_Mg{^{p)) 



compatible with restrictions and such that for any g G Homplp' , p) and any 
0' G £ndp{p') one has 

(1.2.2) tp{g<P'g-^) = ^{g)%,{<P')). 

Note that condition fll.2.2p ensures compatibility with the equality ^{g(j)'g~^) 
^{g)^{<P')^{g-'). 

Remark 1.2.2. Denote by Grp the stack on X with sheaves of groups as 
objects and group homomorphisms as morphisms. The 7^-algebroid data 
(P, $, €) induce three natural functors E,A,F: P — Grp defined by E{p) = 
£ndp{p), A{p) = Aut{^{p)) and F{p) = $(p)^ for p G P. In all three cases, 
a morphism p' — )■ p is sent to its adjoint. Then the commutative diagram 
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F 




Remark 1.2.3. There is a natural interpretation of 7?.-algebroid data in 
terms of 2-categories (refer to [TSl §9], where 2-categories are called bicate- 
gories). Denote by TZ-A\g the 2-prestack on X obtained by enriching TZ-Mg 
with set of 2-arrows f ^ f given by 

{b e A; hf\a') = f{a')b, Wa' G A'}, 

for two 7^-algebra morphisms /, f : A' ^ A. In particular, / ~ /' if and 
only if /' = Ad(6)/ for some b G A^ . The 7^-algebroid data (P,$,^) is 
equivalent to the data of the lax functor of 2-prestacks 

$ : P ^ 7^-Alg, 

where P has trivial 2-arrows and $ is obtained by enriching $ at the level 
of 2-arrows by $(idg'— s.^) = ip{g'g^^) for a morphism g' ^ g in P{p). 

We will prove in the next proposition that the following description asso- 
ciates an 7^-prestack Aq to the data (P, $,^). 

(i) For an open subset U <Z X, objects of Ao(f/) are the same as those 
of P{U). 

(ii) For p,p' G Ao{U), the sheaf of morphisms is defined by 

£ndp(p) 

Homp,g{p' , p) = X Homp{p' ,p). 

This means that morphisms p' ^ pin Aq are equivalence classes [a, g] 
of pairs (a, g) with a G and g: p' ^ p in P, for the relation 

(a, (pg) ~ (a£p(0), g), Mcj) G £ndp{p). 

(iii) Composition of [a, g] \ p' ^ p and [a', g'] : p" — )■ p' is given by 

[a,g] o [a\g'] = [ag{a'),gg']. 

Here we set for short g{a') = ^{g){a'). 

(iv) For two morphisms [a,g], [a',g']: p' ^ p and r G 7^, the 7?.-linear 
structure of Aq is given by 

r[a,g] = [ra,g], [a, g] + [a',g'] = [a + a'ip{g' g'^), g]. 

(v) The restriction functors are the natural ones. 
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Proposition 1.2.4. Let (P, be an TZ-algehroid data. The description 
(i)-(v) above defines a separated TZ-prestack Aq on X . The associated stack A 
is an TZ-algehroid endowed with a functor J: P — )■ A such that Snd/s,{J{p)) ~ 
$(j9) for any p E P. 

Proof, (a) Let us show that the composition is well defined. Consider two 
composable morphisms [a,g]: p' ^ p and [a',g']: p" — )■ p'. At the level of 
representatives, set {a,g) o {a',g') = {ag{a'), gg'). 
(a-i) Let us show that for G Sndp{p) we have 

(a, (pg) o {a',g') ~ (a£p(0), ^f) o {a',g'). 

For this, we have to check that 

{a(j){g{a)), cjygg') ~ (a£p(0)^(a'), gg')- 

This follows from 

alp{(t))g{a') = a(f){g{a'))ip{(l)). 
(a-ii) Similarly, for (p' G Sndp{p') we have to prove that 

ia,g)o(a',^'g')r^ia,g)o{a'lp,i<P'),g'). 
In other words, we have to check that 

{ag{a'), g(f)'g') ~ {ag{a'ip>{(l)')), gg'). 
This follows from g(f)'g' = {g4''g^^)gg' and 

ag{a'ipi4>')) = ag{a')g{ip,{4>')) = ag{a%{g^'g-'), 

where the last equality is due to f ll.2.2p . 
(a-iii) Associativity is easily checked. 

(b) The 7^-linear structure is well defined by an argument similar to that in 
part (a) above. 

(c) The functor J : P — )• A is induced by the functor Jq : P — )■ Aq defined 
by p i-> p on objects and g [l,g] on morphisms. The morphism — )■ 
£nd/\{J{p)), a [a, id] has an inverse given by [a,g] i— aip{g). □ 

Note that the functor J: P — )■ A is neither faithful nor full, in general. 

Remark 1.2.5. For an 7?.-algebroid A, denote by A^ the gerbe with the same 
objects as A and isomorphisms as morphisms. Then A is the 7^-algebroid 
associated with the data (A^,$a,^), where $a(p) = £nd^{p) and £p is the 
identity. 

Example 1.2.6. Let X be a complex manifold and Ox its structure sheaf. 
To an invertible Cx-module C one associates an invertible Z/2Z-gerbe P£®i/2 
defined as follows. 
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(i) Objects on U are pairs (J-", /) where T is an invertible 0;7-module 
and / : J-'^^ — )■ £ is an Ou-lineax isomorphism. 

(ii) If (J-"', /') is another object, a morphism {T', f ) — )■ (J^, /) is an Ou- 
hnear isomorphism : J-"' ^ J-", such that /' = f^p®'^. 

Note that any ip G Sndp^^_^^^(^{J-', f)^ is a locally constant Z/2Z-valued 
function. Denote by the invertible C-algebroid associated with the 

data (P^«i/2,$,£), where = Cu, H^) = id, = V'- 

2. CONTACTIFICATION OF SYMPLECTIC MANIFOLDS 

We first review here some notions from contact and symplectic geometry. 
In particular, wc discuss the gcrbc parameterizing the primitives of the sym- 
plectic 2-form. Then, we show how any Lagrangian subvariety of a complex 
symplectic manifold can be uniquely lifted to a local contactification. 

2.1. The gerbe of primitives. Let X be a complex manifold and Ox 
its structure sheaf. Denote by TX and T*X the tangent and cotangent 

bundle, respectively, and by Qx and fix their sheaves of sections. For k E'L 
denote by Vl\ the sheaf of holomorphic /c-forms. For v G Qx denote by 
ft£^ the inner derivative and by L„ : — )■ the Lie derivative. 

Let u) G r[X] be a 2-form which is closed, i.e. du) — 0. 

Definition 2.1.1. The gerbe on X is the stack associated with the 

separated prestack defined as follows. 

(1) Objects on U (Z X are primitives oiuj\ui i.e. 1-forms 9 G r{U]VL\-) 
such that dO — u\u- 

(2) If 9' is another object, a morphism ^' — > ^ is a function (/? G r{U ; Ox) 
such that dip = 9' — 9. Composition with (/?': 9" — >■ 9' is given by 

if O if' — (f -\- if' . 

The following result is clear. 

Lemma 2.1.2. (i) The stack is an invertible C-gerbe. 

(ii) If cu' G flxi-^) another closed 2-form, there is an equivalence 

g 

Here, for a commutative sheaf of groups ^, P x Q denotes the contracted 
product of two (y-gerbcs. This is the stack associated to the prestack whose 
objects are pairs (p, q) of an object of P and an object of Q, with morphisms 

Q 

Ham g ((p, q), (p', q')) = Homp{p,p') x Homoiq, q'). 

P X Q ^ ' 
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For a principal C-bundle p: Y ^ denote 

the action of A G C and the infinitesimal generator of the C-action, respec- 
tively. 

Definition 2.1.3. The gerbe C^; on X is defined as follows. 

(1) Objects onU d X are pairs p = (l^ A f/, a) of a principal C-bundle 
p and a 1-form a G FiV] VLy) such that i^^a = 1 and p*UJ = da. In 
particular, L^^a = 0. 

(2) For another object p' = {V — )■ U,a'), morphisms x- p' ^ P 
morphisms of principal C-bundles such that x*a = a'. 

Denote by pi : X x C ^ X the trivial principal C-bundle given by the 
first projection. Let t be the coordinate of C. For a primitive 6 of cu, an 
object of is given by {pi,pl6 + dt). By the next lemma, any object p of 
is locally of this form and any automorphism of p is locally of the form 
Tx, for A G C. (See Remark 9.3] for similar observations.) 

Lemma 2.1.4. There is a natural equivalence — > C^^^. In partictdar, C^^ 
is an invertible C-gerbe. 

Proof. As above, denote by pi : X x C ^ X the first projection and by 
t the coordinate of C. Consider the functor B: — )■ C,^ given hy 6 
{Pi,p19 + dt) on objects and if ((x,t) i— (x, t + ^(x))) on morphisms. 

As B is clearly faithful, we are left to prove that it is locally full and 
locally essentially surjective. For the latter, let p = {V A- U,a) be an 
object of Ctj(f/). Up to shrinking U, we may assume that the bundle p is 
trivial. Choose an isomorphism of principal C-bundles C,'. U x C ^ V. As 
ivS^*(y — dt) = Lv^{^*a — dt) = 0, there exists a unique 1-form 9 G Qx{U) 
such that C,*a — dt = p\d. Then uj\u = dO and p ~ B{6). 

It remains to show that any morphism x'- p' — p of C^{U) is in the image 
of B. Up to shrinking f/, we may assume that p = {pi^p^O + dt) and p' = 
{Pi,p19' + dt). Then x- XxC-)-XxCis given by {x,t) t-)- {x,t + ip{x)) for 
some (feOxiU). Since x*{p*i9 + dt) =pie' + dt, it follows that d^ = e' -6. 
Hence x = B{(p). □ 

Let i? be a commutative ring endowed with a group homomorphism 
i: C^i?\ 

Definition 2.1.5. The stack i?^ is the invertible i?-algebroid associated 
with the data (C^, where 
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for p = {V ^ U,a), X'- P' ^ P ^^'^ A G C. 

Note that by Lemma 12.1.21 there is an i?-hnear equivalence 

Remark 2.1.6. Equivalence classes of invertible C-gerbes and of invertible 
i?-algebroids are classified by H^{X;C) and H^{X] R^), respectively. The 
class of coincides with the de Rham class [u] of the closed 2-form co, and 
the class of is the image of [u] by £: H'^{X; C) ^ H\X; i?^). 

2.2. Symplectic manifolds. A complex symplectic manifold X = {X,u) 
is a complex manifold X of even dimension endowed with a holomorphic 
closed 2-form u G r{X; Q'j^) which is non-degenerate, i.e. the n-fold exterior 
product u A ■ ■ ■ A u never vanishes for n = ^ dimX. 

Let H : Q]^ ^ Qx be the Hamiltonian isomorphism induced by the sym- 
plectic form (jj. The Lie bracket of ip, ip' G Ox is given by {ip, ip'} = H^{ip'), 
where H^p = H{d(p) is the Hamiltonian vector field of (p. 

Example 2.2.1. Let M be a complex manifold. Its cotangent bundle T*M 
has a natural symplectic structure {T*M, d6), where 6 denotes the canonical 
1-form. Let ( ) be a system of local coordinates on M. The 

associated system (x; u) of local symplectic coordinates on T*M is given by 
p = Ui{p)dxi. Then the canonical 1-form is written 6 = Uidxi and the 
Hamiltonian vector field of ip E Om is written H^p = '^^{'Pu.dxi — fpx.du^- 

An analytic subset A C X is called involutive if for any f,g E Ox with 
/|a = g\A = one has {f,g}\A = 0. The analytic subset A is called La- 
grangian if it is involutive and dimX = 2 dim A. 

Let X' = {X', uj') be another symplectic manifold. A symplectic transfor- 
mation ip : X' ^ X is a, holomorphic isomorphism such that ip*L>j = u'. 

By Darboux theorem, for any complex symplectic manifold X there locally 
exist symplectic transformations 

(2.2.1) X dU ^UmC T*M, 

for a complex manifold M with dimM = | dimX. 

2.3. Contact manifolds. Let 7: Z — ?■ F be a principal C^-bundle over 
a complex manifold Y. Denote by fm the infinitesimal generator of the 
C^-action on Z. For A; G Z, let Oz{k) be the sheaf of fc-homogeneous 
functions, i.e. solutions ip G Oz of v^f = kip. Let Cy(fc) = 7*Cz(fc) be the 
corresponding invertible Cy-module, so that Oy(— 1) is the sheaf of sections 
of the line bundle C x"^"" Z. 
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A complex contact manifold Y = {Z ^ Y, 9) is a complex manifold Y en- 
dowed with a principal C^-bundle 7 and a holomorphic 1-form 6 G r{Z; 
such that {Z, dO) is a complex symplectic manifold, i^^O = and L^^^^O = 6, 
i.e. 6 is 1-homogeneous. 

Example 2.3.1. Let M be a complex manifold and 6 the canonical 1-form 
on T*M as in Example 12.2.11 The projective cotangent bundle P*M has a 
natural contact structure (7,^) with 7: T*M \ M — )■ P*M the projection. 
Here T*M\M denotes the cotangent bundle with the zero-section removed. 

Note that the 1-form 6 on Z may be considered as a global section of 
^yi^)- particular, there is an embedding 

(2.3.1) t:Cy(-l)^fi^, ip^ipO. 

Note also that the symplectic manifold Z is homogeneous with respect to the 
C^-action, i.e. 6 = i^^^{d6). Moreover, there exists a unique C^-equivariant 
embedding Z ?■ T*Y such that 6 is the pull-back of the canonical 1-form 
on T*Y. 

Since d6 is 1-homogeneous, the Hamiltonian vector field of G Oz{k) 
is {k — 1) -homogeneous, i.e. [fm, H^] = (A; — 1) H^. 

An analytic subset F of F is called involutive (resp. Lagrangian) if 7~^r 
is involutive (resp. Lagrangian) in Z. 

7' 

Let Y' = [Z' — > Y', 9') be another contact manifold. A contact transfor- 
mation X'- Y' ^ Y is a.n isomorphism of principal -bundles 

7' 7 

such that x*0 = d'- 

By Darboux theorem, for any complex contact manifold Y there locally 
exist contact transformations 

(2.3.2) YdV ^VmC P*M, 

for a complex manifold M with dimM = |(dimy + 1). 

2.4. Contactifications. Let X = {X,uj) be a complex symplectic mani- 
fold. A contactification of X is a global object of the stack C^^ described in 
Definition 12.1.31 Morphisms of contactifications are morphisms in C^^. 

For a contactification p = (y A X, a) of X, the total space F of p has a 
natural complex contact structure given by (F x ^ Y,t qla), where qi is 
the first projection and r G C^. Note that, in terms of contact structures, a 
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morphism p' — ?■ p of contactifications is a contact transformation x'- Y' ^ Y 
over X. 

Example 2.4.1. Let M be a complex manifold and denote by (t; r) the 
symplectic coordinates of T*C. Consider the principal C-bundle 

P*{M X C) D {r ^ 0} A T*M, (x, t; ^, r) ^ (x; ^/r), 

with the C-action given by translation in the t variable. Note that the bundle 
p is trivialized by 

X : {r ^ 0} A (T*M) x C, (x, t; ^, r) ^ ((x; ^/r), t). 

Consider the projection pi : {T*M) x C T*M. 

As in Example 12.2.11 denote by 6 the canonical 1-form of T*M. Then a 
contactification of {T*M,d6) is given by (p, a), with p as above and a = 
X*(p*6' + c/t). In a system (x; m) of local symplectic coordinates on T*X, one 
has 9 = udx and a = {C,/T)dx + dt. As the canonical 1-form of T*[M x C) 
is ra = ^ dx + r dt, the map (12.3.11) is given by 

2.5. Contactification of Lagrangian subvarieties. In this section we 
show how any Lagrangian subvariety of a complex symplectic manifold lifts 
to a contactification (see e.g. [3l Lemma 8.4] for the case of Lagrangian 
submanifolds) . 

Let us begin with a preliminary lemma. 

Lemma 2.5.1. Let M be a complex manifold, S d M a closed analytic 
subset and 9 G a 1-form such that d9\s^^g = 0. Then there locally exists 
a continuous function f , on S such that f is holomorphic on the non-singular 
locus Sreg, and dflsr,, = 9\s,,g. 

Proof. Let 5" 5* be a resolution of singularities and let p : S' ^ M be the 
composite 5" — )■ 5* ?■ M. Thus S' is a complex manifold, p is proper and 
p'^iSrcg) S^eg is an isomorphism. Consider the global section 9' = p*9 of 
fi^,. As d9\s^^g = and p~^(>S'i.eg) is dense in 5", we have d9' = 0. 

Fix a point Sq E S and set Sq = p~^{so). Since 9'\(^s'g)^^^ = 0, there exists a 
unique holomorphic function /' defined on a neighborhood of 5*0 such that 
df = 9' and f'\s'g = 0. As p is proper, replacing M by a neighborhood of sq 
we may assume that /' is globally defined on S'. 

Set S" = S' Xs S' and Sq = Sq Xs Sq. We may assume that intersects 
each connected component of S". Consider the diagram 

-^^'eg — S" =r 5' — M, 
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where pi and p2 are the projections S' Xs S' S'. To conclude, it is enough 
to prove that g = plf — Pg/' vanishes, for then we can set f{w) = f'{w') 
with p{w') = w. 

Since ppi = pp2, one has dq*g = d{ppiq)*6 — d{pp2q)*6 = so that g 
is locally constant on 5'"gg. Hence g is locally constant by Sublemma 12.5.21 
below with T = S" and U = S"^^. Since g vanishes on Sq, it vanishes 
everywhere. □ 

Sublemma 2.5.2. Let T be a Hausdorff topological space and U G T a dense 
open subset. Assume there exists a basis B of open subsets of T such that 
any B G B is connected and B (lU has finitely many connected components. 
If a continuous function on T is locally constant on U, then it is locally 
constant on T. 

Let now X = {X, u) be a complex symplectic manifold. 

Proposition 2.5.3. Let A be a Lagrangian subvariety of X. Then there exist 
a neighborhood U of K in X and a pair (p, V) with p: V ^ U a contactifica- 
tion and V a Lagrangian subvariety ofV such that p|r is a homeomorphism 
over A and a holomorphic isomorphism over Areg- 

Proof. Let {f/jjig/ be an open cover of A in X such that for each i G / there 
is a primitive 9i G flx{Ui) of uj\i/.. Set Aj = Aflf/j. Using Lemma [2.5.1t up to 
shrinking the cover we may assume that there is a continuous function fi on 
Aj such that /j|A,,rcg is a primitive of ^i|A,,rog- Uij = UiH Uj and similarly 
for Ajj. Up to further shrinking the cover we may assume that A^- intersects 
each connected component of Uij and there is a function ipij G OxiJJij) such 
that d^pij = di- ej\u,j and v^ijU^.-^.g = fi - /ilAy,,eg- Set Uijk = f/j n Uj n Uk 
and similarly for Aj^fc. Note that d{{pij + ipjk + (pki) = 0, so that ^Pij + ^Pjk + '^ki 
is locally constant on Uijk- Since it vanishes on Aijk, it vanishes everywhere. 

Set Pi = {Vi ^ Ui, ai), where Vi = U x C and Oi = p\6i + dt. Let (p,, Fj) 
be the pair with 

Vi = {(x, t) G 14; X G Ai, t + fi{x) = 0}. 
Then the pair (p, F) is obtained by patching the (pj,Fj)'s via the maps 

(x, t) {x,t + ipij{x)). □ 

Let us give an example that shows how, in general, F and A are not 
isomorphic as complex spaces. 

Example 2.5.4. Let X = (T*C, d6) with symplectic coordinates (x; u), and 
Y = {X X C, a) with extra coordinate t. Then 9 = udx and a = udx + dt. 
Take as A C X a parametric curve A = {{x{s),u{s)); s G C}, with x(0) = 
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u{Q)=0. Then 

T = {{x,u,t); X = x{s), u = u{s), t + /(s) = 0}, 
where / satisfies the equations /'(s) = u{s)x'{s) and /(O) = 0. For 
x{s) = s\ u{s) = s' + s', /(s) = A,io + ^,ii^ 

we have an example where / cannot be written as an analytic function of 
{x,u). In fact, s^^ = llx{s)u{s) - ^f{s) and ^ C[[s^, + s^. 

3. HOLONOMIC MODULES ON SYMPLECTIC MANIFOLDS 

We start by giving here a construction of the microdifferential algebroid 
of [B] in terms of algebroid data and by recalling some results on regular 
holonomic microdifferential modules. Then, using the results from the pre- 
vious section, we show how it is possible to associate to a complex symplectic 
manifold a natural C-linear category of holonomic modules. 

3.1. Microdifferential algebras. Let us review some notions from the 
theory of microdifferential operators (refer to [TTf 17]). 

Let M be a complex manifold. Denote by Sm the sheaf on P*M of 
microdifferential operators, and by F^Sm its subsheaf of operators of order 
at most k E Tj. Then Sm is a sheaf of C-algebras on P*M, filtered over Z 
by the FkSM's. 

Take a local symplectic coordinate system (x;^) on T*M. For an open 
subset U C T*M, a section a G r{U; F^Sm) is represented by its total 
symbol, which is a formal series 

satisfying suitable growth conditions. In terms of total symbols, the product 
in Sm is given by Leibniz rule. More precisely, for a' G Sm with total symbol 
a'(a;,^), the product aa' has total symbol 

5^]j9/a(a;,eRV(x,0. 

JeN" 

For a G F^Sm, the top degree component G Op*Mik) of its total symbol 
does not depend of the choice of coordinates. The map 

(Tfc: FuSm Op*M{k), at 

induced by the isomorphism F^Sm/ F^-iSm — Op*M{k) is called the symbol 
map. Recall that an operator a G F^Sm \ -^fc-i^M is invertible at p G P*M 
if and only if ak{a){p) 7^ 0. 
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For a G FkSM and a' G Fk'SM, one has 



{ak{a),ak'{a)} = ak+k'~i{[a,a']). 



An anti-involution of Sm is an isomorphism of C-algebras *: Sm 
such that ** = id. 

Remark 3.1.1. In a local system of symplectic coordinates, an example of 
anti-involution * of Sm is given by the formal adjoint. This is described at 
the level of total symbols by 



The formal adjoint depends on the choice of the top-degree form dxi A ■ ■ ■ A 
Consider a contact transformation 



where M, M' are complex manifolds with the same dimension. It is a funda- 
mental result of [17j that quantized contact transformations can be locally 
quantized. 

Theorem 3.1.2. With the above notations: 

(i) Any C-algebra isomorphism /: X*^m'\v ~^ £m\v a filtered isomor- 
phism, and ak{f{a')) = X*^k{0'') for any a' G F^Sm'- 

(ii) For any p & V there exists a neighborhood U of p in V and a C- 
algebra isomorphism f : x*^m'\u £m\u- 

(iii) Let* and*' be anti-involutions of £^[\y and Sm'Iv > respectively. For 
any p &V there exists a neighborhood U of p in V and a C-algebra 
isomorphism f as in (ii) such that f*' = *f. 

An isomorphism / as in (ii) is called a quantized contact transformation 
over X- Quantized contact transformations over x are not unique. It was 
noticed in [6J that one can reduce the ambiguity to an inner automorphism 
by considering anti-involutions as in (iii) (see Lemma [3.2.41 below) . 

The C-algebra Sm is left and right Noetherian. It is another fundamental 
result of [T7] that the support of a coherent £^jv/-module is a closed involu- 
tive subvariety of P*M. A coherent ^^M-module supported by a Lagrangian 
subvariety is called holonomic. We refer e.g. to [7] for the notion of regular 
holonomic f^M-module. 




JGN" 



P*M' dV' C P*M 
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3.2. Microdifferential algebroid. Let F be a complex contact manifold. 

Definition 3.2.1. A microdifferential algebra S onY is a sheaf of C-algebras 
such that, locally on Y, there is a C-algebra isomorphism £\v — X^^^m in 
a Darboux chart f l2.3.2p . 

Since any C-algebra automorphism of Sm is filtered and symbol preserv- 
ing, it follows that a microdifferential algebra £ on F is filtered and has 
symbol maps 

ak-. FkS^Ovik). 

Example 3.2.2. Let Y = P*M be the projective cotangent bundle to a 
complex manifold M and denote by Qm = f^^/™^ invertible Oi/j-niodule 
of top-degree forms. Consider the algebra of twisted microdifferential oper- 
ators 

Then 8^01/2 is a microdifferential algebra on P*M, and the formal adjoint 
* of Remark 13.1.11 gives a canonical anti- involution of £^<»i/2. 

Definition 3.2.3. The gerbe Py on Y is defined as follows. 

(1) For an open subset V C Y, objects of Pyiy) are pairs p = {S, *) of 
a microdifferential algebra £ on V and an anti- involution * of 

(2) If p' = {£', *') is another object, 

nompy{p',p) = {/ e Isomc-Mgi£' , £); f*' = */}. 

(The fact that the stack of groupoids Py is a gerbe follows from Theo- 
rem [3X1) 

Lemma 3.2.4 ([6, Lemma 1]). For any p = {£, *) G Py there is an iso- 
morphism of sheaves of groups 

V^: {6 e £^ b*b = 1, ao{b) = 1} ^ £ndp^{p), b ^ Ad(6). 

By this lemma, we have a natural C-algebroid data on Y, and hence a 
C-algebroid. 

Definition 3.2.5. The microdifferential algebroid Ey is the C-algebroid 
associated to (Py,$E,^) where 

^Eip) = £, $e(/) = /, ip{g) = b, 

for p = {£, *), f : p' ^ p and g = ip{b). 

By the construction in § 11.21 this means that objects of Ey are mi- 
crodifferential algebras {£,*) endowed with an anti-involution. Morphisms 
{£', *') — !■ {£, *) in Ey are equivalence classes of pairs (a, /) with a E £ 
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and f : £' ^ £ such that /*' = */. The equivalence relation is given by 
(a, Ad(6)/) ~ (a6, /) for b E with b*b = 1 and ao{b) = 1. 

Remark 3.2.6. Let Y = P*M be the projective cotangent bundle to a 
complex manifold M. With notations as in Example I3.2.2[ a global object 
of Ep*j\// is given by (£^„®i/2,*). This implies that the algebroid ^p*m is 
represented by the microdifferential algebra £^m/2. 

3.3. Holonomic modules on contact manifolds. Let Y = {Z ^ Y,9) 
be a complex contact manifold. Consider the stack Mod(Ey) of modules 
over the microdifferential algebroid Ey. For a subset S (Z Y , denote by 
Mods'(Ey) the full substack of Mod(Ey) of objects supported on S. By 
construction, Ey is locally represented by microdifferential algebras. As 
the notions of coherent and regular holonomic microdifferential modules are 
local and invariant by quantized contact transformations, they make sense 
also for objects of Mod(Ey). Denote by Modcoh(Ey) and Modi.h(Ey) the full 
substacks of Mod(Ey) whose objects are coherent and regular holonomic, 
respectively. 

Let R be an invertible C-algebroid R. Then Mod(R) is locally equivalent 
to Mod(Cy). Hence the notion of local system makes sense for objects of 
Mod(R). Denote by LocSys(R) the full substack of Mod(R) whose objects 
are local systems. 

Consider the invertible C-algebroid C„®i/2 on A as in Example 11.2.61 

By [SI Proposition 4] (see also [21 Corollary 6.4]), one has 

Proposition 3.3.1. For a smooth Lagrangian submanifold A G Y there is 
an equivalence 

ModA,rh(Ey) ~ p*LocSys(p"^C 01/2), 

where p: 7"^ A A is the restriction of Z ^ Y . 

Recall that a C-linear triangulated category T is called Calabi-Yau of 
dimension d if for each M, G T the vector spaces Hom-p(M, A^) are finite- 
dimensional and there are isomorphisms 

Hom-p(M, A^)"^ ~ Rom j{N,M[d]), 

functorial in M and A^. Here if^ denotes the dual of a vector space H. 

Denote by D^j^(Ey) the full triangulated subcategory of the bounded de- 
rived category of Ey-modules whose objects have regular holonomic coho- 
mologies. 
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The following theorem is obtained in [11^ as a corollary of results from 

Theorem 3.3.2. If Y is compact, then D^jj(Ey) is a C-linear Calahi-Yau 
triangulated category of the same dimension as Y . 

3.4. Holonomic modules on symplectic manifolds. Let X = {X,u) be 
a complex symplectic manifold and A C X a closed Lagrangian subvariety. 
By Proposition 12.5.31 there exists a neighborhood f/ D A, a contactification 
p: V ^ U and a closed Lagrangian subvariety T <Z V such that p induces an 
isomorphism F — )■ A. Let us still denote by p the composition V ^ U ^ X . 
We set 

RHx.A = p*Modr,rh(Ei/), 
DRHa(X) = Bl^^iEv). 

By unicity of the pair (p, F), the stack RHx,a and the triangulated category 
DRHa(X) only depend on A. 

For A C A', there are natural fully faithful, exact functors 

RHx,A ^ RHx,A' , DRHa (X) DRHa' (X) . 

The family of closed Lagrangian subvarieties of X, ordered by inclusion, is 
filtrant. 

Definition 3.4.1. (i) The stack of regular holonomic microdifferential 
modules on X is the C-linear abelian stack defined by 

RHx = lii^ RHx,A. 

A 

(ii) The triangulated category of complexes of regular holonomic microd- 
ifferential modules on X is the C-linear triangulated category defined 
by 

DRH(X) = lii^DRHA(X). 

A 

As a corollary of Proposition 13.3. we get 

Theorem 3.4.2. For a closed smooth Lagrangian submanifold A C X , there 
is an equivalence 

RHx,A ~PuLocSys(pj"^C (31/2), 
where pi : A x C^ A is the projection. 

^The statement in [11] Theorem 9.2 (ii)] is not correct. It should be read as Theo- 
rem [2321 in the present paper 
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Remark 3.4.3. When X is reduced to a point, the category of regular 
holonomic microdifferential modules on X is equivalent to the category of 
local systems on C^. 

As a corollary of Theorem 13.3.21 we get 

Theorem 3.4.4. If X is compact, then DRH(X) is a C-linear Calabi-Yau 
triangulated category of dimension dim X + 1. 

4. Quantization algebroid 

In this section, we first recall the construction of the deformation-quantization 
algebroid of jTH] in terms of algebroid data. Then, with the same data, we 
construct a new C-algebroid where the deformation parameter h is no longer 
central. Its centralizer is related to the deformation-quantization algebroid 
through a twist by the gerbe parameterizing the primitives of the symplectic 
2-form. 

4.1. Quantization data. Let X be a complex symplectic manifold. Let 

p = (y A X, a) be a contactification of X and 8 a microdifferential algebra 
on Y. 

Definition 4.1.1. A deformation parameter is an invertible section h G 
F^iS such that i(cr_i(/i)) = a, under the embedding (12.3.11) . 

Example 4.1.2. Let (t; r) be the symplectic coordinates on T*C Recall 
from Example 12.4.11 the contactification of the conormal bundle T*M to a 
complex manifold M given by 

P*{M X C) D {r 7^ 0} A T*M. 

In this case the condition L{a^i{h)) = a reads a-i{h) = t~^. Denote by 
dt € FiSc the operator with total symbol r. It induces a deformation 
parameter h = d^^ in £mxc- 

Recall that Tx: Y ^ Y (for A G C) denotes the C-action on Y and fa 
denotes its infinitesimal generator. Note that 

ad(;i-i) = J^Ad(e^^^"')U=o 

is a C-linear derivation of £ inducing on symbols. This derivation is 
integrable, and induces the isomorphism 

^XAdih-^) ^ Ad(e^'^~') : (r_A)/ A £. 
This is a quantized contact transformation over T_x- 
Definition 4.1.3. The gerbe Px on X is defined as follows. 
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(1) Objects on U C X are quadruples q = (p, S, *, h) of a contact- 
ification p = (V^ A f/, a), a microdifferential algebra £ on V, an 
anti-involution * of £^ and a deformation parameter h G F_iS such 
that h* = —h. 

(2) If q' = {p',S', h') is another object, 

nomp^{q',q) = {(x, /); X ^ "Homc^ (p', p), / G Xsomc-Aig(x*^', 

/*' = */, f{h') = h}, 

with composition given by (x, /) o (x', /') = (xx', fixJ'))- 

Note that Ad(e'^'' ^) commutes with * for A G C, since h* = —h. 

Remark 4.1.4. Let M be a complex manifold. With notations as in Exam- 
ple |l]T2l the operator dt G Fi£c induces a deformation parameter h = d^^ 
in the algebra 8^01/2 of twisted microdifferential operators. Hence Pt*m has 

a global object given by 

with * the anti-involution given by the formal adjoint. 

Lemma 4.1.5 (|T6l Lemma 5.4]). For any q = (p, £, *, K) G Px{U) there 
is an isomorphism of sheaves of groups 

Cc/ X {6 G p^FoS""] [h,b] = 0, b*b = 1, ao{b) = 1} A Sndp^{q) 

given by ip{p,b) = (T^, Ad(6e'^'^ ^)). 

One could now try to mimic the construction of the microdifferential al- 
gebroid Ey in order to get an algebroid from the algebras p^:S. This fails 
because the automorphisms of {p,£,*,h) are not all inner, an outer auto- 
morphism being given by Ad(e^'' ) for A G C. 

There are two natural ways out: consider subalgebras where Ad(e'*'^ ) 
acts as the identity, or consider bigger algebras where Ad(e'^'^ ) becomes 
inner. The first solution, utilized in [16] to construct the deformation- 
quantization algebroid, is recalled in section 14. 2[ The second solution is 
presented in section 14.31 and will allow us to construct the quantization 
algebroid. 

4.2. Deformation-quantization algebroid. Let X be a complex sym- 
plectic manifold. We can now describe the deformation-quantization alge- 
broid of in terms of algebroid data. 
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Let p = (F A X, a) be a contactification of X. Let £ he a micro differen- 
tial algebra on Y and h G F_i£ a deformation parameter. To {p,£, K) one 
associates the deformation-quantization algebra 

W = CIp,£. 

This is the subalgebra of p^£ of operators commuting with h. Then the 
action of Ad(e'^^' ) is trivial on W. 

Example 4.2.1. As in Example I4.1.2[ consider the contactification of the 
conormal bundle T*M to a complex manifold M given by 

P*{M X C) D {r 7^ 0} A T*M. 

Then h = d^^ is a. deformation parameter in £mxc- Set 

Wa/ = Cq^p^[£mxc\{t^o}) ■ 

Take a local symplectic coordinate system (x;^) on T*M. Since an element 
a e -F^VVm commutes with 9^, its total symbol is a formal series independent 
oft 

satisfying suitable growth conditions. Setting aj{x,u) = a-j{x,u,l) and 
recalling that h = d^^, the total symbol of a can be written as 

a{x,u,h) = aj{x,u)hP, aj G Ot*m- 

j>-k 

To make the link with usual deformation-quantization, consider two opera- 
tors a, a' G FqWm of degree zero. Let a{x, u) and a'{x, u) be their respective 
total symbol. Then the product aa' has a total symbol given by the Leibniz 
star-product 

a{x,u) -k a'{x,u) = ^ -—d:^ao{x,u)d^aQ{x,u). 
JeN" 

Recall the gerbe Px from Definition 14.1.31 and the isomorphism ip of 
Lemma I4.1.5[ 

Definition 4.2.2. The deformation-quantization algebroid is the k- 
algebroid associated to the data (Px, $w,^) where 

$w(g) = W, $w((x, /)) =PJ, igmp,b)) = b, 

for q = (p, £, *, h), W = C^p^£, (x, f): q' — )■ q, and for (p, &) as in 
Lemma 14.1.51 
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Remark 4.2.3. Let M be a complex manifold and X = T*M. With nota- 
tions as in Remark 14.1.4^ the algebroid \Nt*m is represented by the algebra 

4.3. Quantization algebras. Let p = (F A X, a) be a contactification of 
the complex symplectic manifold X = {X,u). Let £^ be a microdifferential 
algebra on Y and h G F_i£ a deformation parameter. Let us set 

where C^S = {a & £] a.d{h)^{a) = 0, locally for some > 0}. In local 
coordinates (x, t; ^, r), sections of C^£ are sections of S whose total symbol 
is polynomial in t. 

Definition 4.3.1. The quantization algebra associated with {p,S,h) is the 
C-algebra 



[p]e 

Aec 



whose product is given by 

for A, A' G C and a G S[p]. 

Denote by R the group ring of the additive group C with coefficients in 
C, so that 

Aec 

Then one has an algebra isomorphism 

Cf^g ^ W ®c 

where W = p*C^£ is the deformation-quantization algebra associated with 
(p, £, h). In particular, C^£ is a k i?-algebra. 

4.4. Quantization algebroid. Let X = {X, u) be a complex symplectic 
manifold. Recall the gerbe Px on X from Definition 14.1.31 and the isomor- 
phism ip of Lemma I4.1.5[ 

Definition 4.4.1. The quantization algebroid on X is the C-algebroid Ex 
associated to the data (Px, where 

for q = (p, £, *, h), (x, f): q' ^ q, and for (p, b) as in Lemma I4.1.5[ 
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Note that there is a natural action of C[h] on Ex- With the notations of 
we set for short 

Ch^x = Cc[h]^x- 

Remark 4.4.2. Let M be a complex manifold and X = T*M. With nota- 
tions as in Remark I4.1.4[ the algebroid Et*m is represented by the algebra 

Recall that R ~ 0Aec ^ ^^'^ ^ ■ invertible i?-algebroid given 

by Definition 12.1.51 for 

The following proposition can be compared with [161 Remark 9.3]. 
Proposition 4.4.3. There is an equivalence ofh^^ R-algebroids 

Proof. Consider the functor ^p■. C^Ex — )■ Wx Ru defined by 

(p, £,*,h)^ ((p, £, *, h),p), [ae^^-' , (x, /)] ^ [a, (x, /)] ® [e"'" , x] 

on objects and morphisms, respectively. Since a G C^S, is indeed compat- 
ible with composition of morphisms. To show that ip is an equivalence is a 
local problem, and thus follows from the isomorphism of the representative 
algebras C^S ^^R. □ 

In particular, Wx is equivalent to the homogeneous component of degree 
zero in 

C°Ex R-. ^ \Nx ®c (0 C e^^-^) . 

agc 

Recall that R^^ ~ Rx if X admits a contactification. 



5. Quantization modules 

Here, after establishing some algebraic properties of quantization alge- 
bras, we show how the category RHx of regular holonomic microdifferential 
modules can be embedded in the category of quantization modules. 
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5.1. A coherence criterion. Let us state a non-commutative version of 
Hilbert's basis theorem. For a sheaf of rings ^ on a topological space, 
consider the sheaf of rings A{S) ~ Z[S] of polynomials in a variable S 
which is not central but satisfies the rule 

Sa = ip{a)S + ip{a), Wa G A, 

where ip is an automorphism of A and ip is a. y^-twisted derivation, i.e. a 
linear map such that ijj{ab) = ijj{a)b + ip{a)ilj{b) . The following result can be 
proved along the same lines as [TJ Theorem A. 26]. 

Theorem 5.1.1. If A is Noetherian, then A{S) is Noetherian. 

5.2. Algebraic properties of quantization algebras. As the results in 
the rest of this section are of a local nature, we will consider the geometrical 
situation of Example 12.4.11 In particular, for {t; r) the symplectic coordi- 
nates of T*C, we consider the projection 

P*{M X C) D r = {r ^ 0} A T*M = X. 
For h = d^^, we set 

Aec 

Theorem 5.2.1. The ring S[p] is Noetherian. 

Proof. Note that there is an isomorphism VV(5') A S^p] given hj S ^ t. 
Using the results of [71 Appendix], one proves that W is Noetherian. Then 
S^p] is also Noetherian by Theorem 15.1.11 □ 

Theorem 5.2.2. The sheaves of rings £ and C^^S are coherent. 

Proof. We shall only consider S, as the arguments for C^S are similar. 

For a finitely generated Z-submodule F of C, set Sr = 0;^gp f^^pje'^'^ \ By 
induction on the minimal number of generators of F one proves that Sr is 
Noetherian. In fact, let F = Fq + ZA and assume that Sr^ is Noetherian. If 
F ~ Fo © ZA, then £ro{S) ^ £r hy S ^ e^^~\ Hence Sr^ is Noetherian by 
Theorem 15. 1.1[ Otherwise, let N be the smallest integer such that nX G Fq. 
Then £r — £ro{S)/S — e""^^ is again Noetherian. 

As Sr is Noetherian, it is in particular coherent. Since the morphisms 
Sr — Sr' are fiat for F C F', coherence is preserved at the limit S ~ 

lii^^r. □ 
r 
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For M G Mod(£^[p]), let us set for short 

p*^M = S p-'M, Supp(7W) = supp(p^7W) c Y. 

Let us denote by Modp_f,coh(^^[p]) the full abelian substack of Modcoh(i^[p]) 
whose objects Ai are such that p is finite on Supp(A^). Let us denote by 
Modp_f^coh(^^) the full abelian substack of Modcoh(^) whose objects J\f are 
such that p is finite on supp(A/'). 

Proposition 5.2.3. (i) The ring S is flat over p^^S[p]. 
(ii) There is an equivalence of categories 

P'e 

Modp_f,coh(^^[p]) p=,Modp_f,coh(^^), 

meaning that the functors p^ and are quasi-inverse to each other. 
Let us set for short 

(5.2.1) Ak = p~'FkSi,], Bk = FkS. 
Note that A-k = h'^Ao = B-k = h'^Bo = Boh'' and 

Ao/A-i - p-'Ox[t], Bo/B^i - Oy. 

The above proposition is a non commutative analogue of the following clas- 
sical result 

Proposition 5.2.4. (i) The ring Oy is flat over p^^Ox\P]- 
(ii) There is an equivalence of categories 

p* 

Modp.f,coh(Cx[t]) p,Modp.f,coh(Cy). 

Proof of Proposition l5'.2. 31 (i). With notations (15.2. ip . it is enough to show 
that Bq is flat over ^o- Thus, for a coherent ^o-module Ai, we have to 
prove that 

(5.2.2) H-\Bo^^^M) = 0. 

One says that m G is an element of /i-torsion if h^u = for some > 0, 
i.e. if A-nu = 0. Denote by A1*°'' C Ai the coherent submodule of /i-torsion 
elements. One says that Ai is an ^-torsion module if A^*°''" = Ai and that 
Ai has no /i-torsion if Ai^°^' = 0. Considering the exact sequence 

-> TW*"" M/M'"' 0, 

it is enough to prove (15.2.21) in the case where Ai is either an /i-torsion 
module or has no /i-torsion. 

(a) Assume that Ai has no /i-torsion. Then the multiplication map 
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A-i O^j, M M 

is injective. Setting A^_i = A-iM. = hAi, this implies the isomorphism 

(AM-i) ^ - -^/-^-i- 

By Proposition 15.2.41 (i). we have 
H-\{Bo/B^,) ®l Bo < M) ^ H-\{Bo/B^,) {M/M^,)) = 0. 

Prom the exact sequence ^ B^i ^ Bq ^ Bq/ B^i ^ we thus obtain the 
exact sequence 

By Nakayama's lemma, we get H^^{Bq ®^ M) = 0. 

(b) Let Ai be an /i-torsion module. As Ai is coherent, there locally exists 

> such that h^Ai = 0. Considering the exact sequence 

^ M.i ^ M/M-i 0, 

by induction on one reduces to the case A^ = 1. Then JH = Jvij M._i has 
a structure of ^oZ-^-i-module. Hence 

Bo < M^Bo < A/^-i M ^ Bo/B^r 

and fl5.2.2p follows from Proposition 15.2.41 (i). □ 

We shall consider an operator a G -fo^^[p] nionic in the t variable, i.e. an 
operator of the form 

m— 1 

(5.2.3) a = r + ^ hit\ m G N>o, h G FqW. 

Lemma 5.2.5. Let a &e o/ i/ie form fl5.2.3p . T/ien t/iere are isomorphisms 

Proof. The first isomorphism is clear. For the second, note that p^iE-jEa) ~ 
p^Ej p^,Ea since p is finite on supp(£/£^a). Note also that, by division, any 
c G p^fE can be written as c = rfa + 6 with d G p*£^ and h G £^[p]. Then the 
isomorphism p^Ej p^^Ea ^ E\^p\/E[p]a is given by c i— i- 6. □ 

Proof of Proposition \5. 2. 51 (^wj. (a) Let Aq be a coherent Fgi^-module such 
that p is finite on suppA/o. We will show that A/q is FoW-coherent. As this 
is a local problem on F, we can assume that (xq, t; ^o, 1) ^ supp A/o only for 
t = 0. Thus suppAo C {t^ + (/9(x, t,^/r) = 0} with G Cxfif^] vanishing for 
t = and of degree less than p in the t variable. Choose a system mi, . . . , mat 
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of generators for Aq. By division, for each i there exists a, of the form fl5.2.3p 
such that aiUi = 0. One thus gets an exact sequence 

N 

^ A/'o ^ FoS/FoSa, ^ ATq ^ 0. 

1=1 

As FoS/FoStti is FoW-coherent, Ao is a finitely generated FoW-module. 
Since also A/'g is finitely generated over FqW, it follows that Ao is FqW- 
coherent. 

In particular, this shows that any A/" G p*Modp_f coh(<^^) is a coherent S[p]- 
module. 

(b) Let A" G p*Modp_f^coh(^^) and choose a system ui, . . . ,U]\f G A/" of gener- 
ators. By (a), p^FoSui is FoW-coherent. Hence, {t-'Fo>V«i}j>o is stationary 
in p^:Fo£ui, so that there exist rrij > and bij G FqW such that t'^'Wj = 
Si<mi ^ij't-'Ui. In other words, for each i there exists Oj = t™' — fojjt-' of 
the form fl5.2.3p such that Oj-Uj = 0. One thus gets an exact sequence 

N 

^ A"' ^ ^ A"^ 0. 

i=l 

Applying the same argument to Af' one gets a presentation 

N' N 

£/£a[ S/Sa, ^ Af ^ 0. 

1=1 i=l 

Since p* = pi is exact on this sequence, by Lemma 15.2.51 the module p^Af 
has the presentation 

N' N 
i=l i=l 

Applying the exact functor p^ and using again Lemma 15. 2. 5^ we get that 
p^p^A" A A". 

(c) For M G Modp_{^coh{£[p]), let us show that the map M — )■ p^p}M is 
injective. Let AAq be a lattice of AA, that is a coherent sub-Fo£^[p]-module 
such that S[piA4q = M.. Since p|^(,£-A^o is a lattice for p}Ai, it is enough to 
prove the injectivity of the map AAq P*P*Fq£AAo- Assume that u G AAq is 
sent to 0. By Proposition 15.2.41 there are isomorphisms 

Mo/F_^SMo ^ p,p*iMo/F_,SMo) ^ p^p^^M^/ F_^£p,p\,M^. 

It follows that u G F^iEAio- By induction we then get u G ^j^^QF^k^-Mo, 
so that M = 0. 
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(d) We finally have to prove the isomorphism Ai ^ p^p^J^. Let Ui, . . . ,U]\f 
be a system of generators of M. By the same arguments as in (b), for each 
i there exists a, of the form (15.2. 3p such that aiUi = in p^Ai. By (c) this 
implies aiUi = in A^. As in (b) we thus get a resolution 

N' N 
i=l i=l 

giving the isomorphism Ai ^ p^,p*gAi by Lemma I5.2.5I □ 

For S d Y , let us denote by Mo<is,coh{£[p]) the full abelian substack of 
Modcoh(^[p]) whose objects M. are such that Supp(A^) C S. For T C X, 
let us denote by Mod-r coh(^^) the full abelian substack of Modcoh(^^) whose 
objects are such that supp(A^) C T. 

We set for short 

SM = S®. M. 

Proposition 5.2.6. (i) The ring S is faithfully flat over S^p]. 

(ii) Let S G Y be an analytic subset such that p\s is proper and injective. 
Then the functor 

S{-): Mods,coh{S[p]) Modp(5.),coh(-?x) 
is fully faithful. 
Proof, (i) is straightforward. 

(ii) For a coherent £[p]-module A4, there is an isomorphism of £^[p]-modules 

£M c:^^e^^~'M. 

agc 

Here, the £'[p]-module structure of e^^ ^ M. is given by 

for a G £^[p] and b e M. Note that Supp(e^^~'Al) = Tx Supp(A^). 
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For M,M' G Mods,coh{^[p]), one has 

Romg{£M', £M) ~ Hom^^^j {M , e^^'' M) 

AGC 

~ 0Hom^^^^(A^',e^''''A^) 

Aec 

^0Hom,(p*A^',p*(e^^^-^M)) 

Aec 

~Hom^(p*>l',p*7W) 
~ Hom^^^j(Al',7W), 

where the second last isomorphism is due to the fact that Supp(AI') fl 
Supp(e^^"'A^) = for A ^ 0. □ 

5.3. Induced modules. Assume that the symplectic manifold X admits a 
contactification p = (F A X, a). In this section we show how the construc- 
tions from the previous section can be globalized. 

Definition 5.3.1. For a contactification p of X, the gerbe Pp on X is defined 
as follows. 

(1) Objects on U G X are triples p = {S, *, h) of a microdifferential 
algebra S on p~^{U), an anti-involution * of £^ and a deformation 
parameter h such that h* = —h. 

(2) If p' = {£', *', h') is another object, 

Homp^{p\p) = {fe Isomn-M^{£',£y, f*' = *f, f{h') = h}. 

As a corollary of Lemma I3.2.4[ one has 

Lemma 5.3.2. For any p = [S, *, h) G Pp there is an isomorphism of 
sheaves of groups 

ijp-. {b e £-^; \h,b] = 0, b*b = 1, a,{b) = 1} A £ndp^{p) 

given by ippib) = Ad(6). 

Definition 5.3.3. For a contactification p of X, the stack E[p] is the C- 
algebroid associated to the data (Pp, $E[p],^) where 

*E[,](p) = £[p], ^E^^^if) = pJ, (pig) = b, 
for p = {S , *, h) , f : p' ^ p and g = ippip). 

Note that Proposition 14.4.31 implies — C'^Efpj. 

As in the local case, for Jvl G Mod(E[p]) we set for short 

Supp(A^) = supp(peA^) C Y. 
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Consider the faithful C-hnear functors 

p^^^[fi] Ey, {S, *, h) ^ {£, *), on objects, 

(a, /) (a, /), on morphisms, 

E[p] Ex, {£, *, K) ^ (p, *, h), on objects, 

(a,/) h-). (ae°'' \idp, /), on morphisms. 
For S dY they induce the functors 

Pe: Modp_f,coh(E[p]) p,Modp_f,coh(Ey), 

E(-): Mod5,coh(E[p]) ^ Modp(5),coh(Ex)- 
By Propositions 15.2.31 and 15.2.61 we have 

Proposition 5.3.4. (i) The functor p*^ is an equivalence. 

(a) Let S C Y be an analytic subset such that p\s is proper and injective. 

Then E(-) is fully faithful. 

We can thus embed regular holonomic microdifferential modules in the 
stack of coherent Ex-modules. 

Corollary 5.3.5. There is a fully faithful embedding 

RHx C Modeoh(Ex). 

Remark 5.3.6. We do not know if the above result extends to give an 
embedding DRH(X) C D^^^ii^x) at the level of derived categories. 

Appendix A. Remarks on deformation- quantization 

We give in this appendix an alternative description of the deformation 
quantization algebroid using triples (W, *,v) of a deformation-quantization 
algebra W endowed with an anti-involution * and an order preserving C- 
linear derivation v. We also compare regular holonomic deformation-quantization 
modules with regular holonomic quantization modules. 

A.l. Deformation-quantization and derivations. Let X = {X,uj) be a 
complex contact manifold and W a deformation quantization algebra on X. 

Lemma A. 1.1. Let w be an order preserving h-linear derivation of W. 
Then w is locally of the form ad{h~^d) for some d G FqW . 

Proof. Let (x; u) be a local system of quantized symplectic coordinates (see [9l 
§2.2.3]). For z = 1, . . . , n, set Cj = hw{xi) G F_iW. From w{[xi,Xj]) = 
we get [ei,Xj] = [ej,Xj] for any i,j = l,...,n. Hence there locally exists 
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e G FqW with Cj = [xj,e]. Replacing w hj w — a.d{h^^e) we may assume 
w{xi) = 0. 

Set di = hw{ui) E F_i>V. From w{[xi,Uj]) = we get = 0, 

so that di = di{x) does not depend on u. From w{[ui,Uj]) = we get 
[di,Uj] = [dj,Ui]. Hence there locally exists d = d{x) G FqW with di = 
[ui, d]. Replacing w hj w — a.d{h^^d) we have w{xi) = w{uj) = 0, and hence 
w = 0. □ 

Definition A. 1.2. Let P'x be the stack on X associated with the separated 
prestack q defined as follows. 

(1) Objects on U C X are triples q = (W, *, v) of a deformation quanti- 
zation algebra W on U, an anti-involution * and an order preserving 
C-linear derivation f of W such that v{h) = h and v* = *v. 

(2) If q' = (W, v') is another object, 

nomp>^^{q',q) = {{g,d); g G Isom^^_M^{W' ,W), d G FqW, 

g*' = *g, d = d*, v — gv'g^^ = ad{h''^ d)} , 
with composition given by {g, d) o ((7', d') = {gg', d + g{d')). 
Using Lemma [A. 1. II one gets 
Lemma A. 1.3. The stack is a gerbe. 

Remark A. 1.4. Let M be a complex manifold and X = T*M. With 
notations as in Remark 14.1.41 where h = d^^, a global object of P^ is given 
by (>V„®i/2,*,ad(tat)). 

Lemma A. 1.5. For any q = (W, *, v) G P'xiU) there is a group isomor- 
phism 

Cf/ X {6 G FqW; b*b = 1, ao{b) = 1} ^ Sndp'^{q) 
given by b) = (Ad(6), /i + hv{b)b~^) . 

Proof, (i) Let us prove injectivity. Assume that Ad(6) = id and fi+hv{b)b''^ = 
0. Then b G k(0), /i = and v{b) = 0. As v{b) = h-§j:b, we get 6 G C. Since 
<7o{b) = 1, this finally gives 6=1. 

(ii) Let us prove surjectivity. Take {g,d) G £ndp'^{q). Since any k-algebra 
automorphisms of W is inner, we can locally write g = Ad(6) for some 
b G FqW^ . As g commutes with the anti-involutions, we have Ad(6)(a*) = 
(Ad(6)(a))* = Ad(6*-i)(a*) for any a G W. This implies Ad(6*6) = id, so 
that b*b G k(0). Take k G k(0) with k*k = b*b. Up to replacing b with bk''^ 
we may thus assume that b*b = 1. This implies cro{b) = ±1 and we may 



ON QUANTIZATION OF COMPLEX SYMPLECTIC MANIFOLDS 33 

further assume that a{b) = 1. Replacing {g,d) by {g,d) ■ ■ip'^{b^^,0) we may 
thus assume g = id. 

Since ad(/i~^(i) = 0, we have d G k(0). As d* = d and h* = —h, the 
coefficients of the odd powers of in d vanish, and we may write d = fi + h^d' 
for /X e C and d' e k(0). Take d" G k(0) such that h^d" = d', and set 
b = exp{hd"). Since v{b)b~^ = hd', we have d = + hv{b)b~^. Hence 
C(/i,fe) = (id,rf). □ 

Definition A. 1.6. The algebroid is the k-algebroid associated to the 
data (P^,$(/v,£) where 

$(^(g) = W, ^'^{g,d) = g, e,{h,e)=b, 

for q = (W, *, v), {g, d): q' ^ q and (/i, e) = b). 

Proposition A. 1.7. There is a h-linear equivalence 

\Nx - Wx. 
This follows from the following proposition. 
Proposition A. 1.8. There is an equivalence of gerbes 

Proof. Let us consider the gerbe P'x whose objects onU C X are quintuples 
q = (p, £, *, h,t) such that 7i{q) = (p, £, *, h) is an object of Px and 
t G FqS is an operator with [^^^,t] = 1. (The local model in a Darboux 
chart is obtained by Example 14.1.21 with = dt and t = t.) We set 

nomp'^{q',q) ='Homp^{-n{q'),-n{q)). 

There is a natural equivalence 

Consider the functor ip : P'x — ?■ P^ given by 

q ^ iC^p*£, *, ad(t/l"^)), for q = (p, £, *, h, t), 

(X,/)^ (pj,t-/(t')), for (x, /) : g' ^ g. 

This is well defined since 

ad(tri) - / ad(t'n'-^)/-^ = ad((t - /(t'))^"^). 

It follows from Lemmas IA.L5I and 14.1.51 that ip is fully faithful. As P'x and 
P'x are gerbes, ip is an equivalence. □ 
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Recall that if g = (W, *, v) is an object of P'x on an open subset U C X, 
then \Nx\u is represented by W. As shown in [12], the filtration and the anti- 
involution of W extend to Wx- As we will now explain, also the derivation 
of W extends to W^. 

Let £ be a formal variable with = 0. Consider the natural morphisms 

W A W[e] A W. 
Let us extend the anti-involution * to W[£] by setting e* = —e. 

Lemma A. 1.9. Let 99: W — )■ W[£:] he an order preserving C-algebra mor- 
phism such that irip = idw, V^(^) = ^ + and ip* = *ip. Then ip = i + ehv 
for an order preserving C-linear derivation vofW such that v* = *v. 

Remark A. 1.10. There is an isomorphism of W VV°P-modules 

such that the multiplication by e corresponds to ad{h^^). In local coor- 
dinates where = dt and v = a.d{tdt), this isomorphism is given by 
a + eb at + b. 

The above lemma motivates the following definition. 

Definition A. 1.11. A derivation of a C-linear stack A is the data of a 
pair if = {C,ip) where C is an invertible C[£:]-algebroid such that C/e is 
represented by Cx and y9: A — A (g>c C is a C-linear functor such that 
7T(f ~ idA- Here it: A (g)^, C — ?■ A is the functor induced by C — C/e. 

Consider the following algebroid. 

Definition A. 1.12. The algebroid \Nx is the k[e] -algebroid associated to 
the data (P^,*!'^,^) where 

*w(9) = >^k]> ^'^{g,d) = {l + ead{d))g, e) = (1 + 

for q = (W, *, v), {g, d): q' ^ q and {h, e) = b). 

There is a natural morphism 

satisfying ip{h) = h + eh"^ and ip* = *ip. Similarly to Proposition 14.4.31 one 
proves that there is an equivalence of k[e]-algebroids 

where C[e]uj is the invertible C[e] -algebroid given by Definition 12.1 .51 for 

£:C^C[£]^ X^il + eX). 
Thus \Nx is endowed with the derivation ip = (C[£]aj, v^). 
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Summarizing, Wx is a filtered k-stack endowed with an anti-involution 
* and with a C-linear derivation if such that Fq\Nx/F_i\Nx is represented 
by Ox, f{fi) = h and (p* = *(p. One can prove along the lines of [TB] that 
Wx is unique among the stacks which satisfy these properties and which are 
locally represented by deformation quantization algebras. 

A. 2. Comparison of regular holonomic modules. We shall compare 
here regular holonomic quantization-modules with regular holonomic deformation- 
quantization modules. Let us start by recalling the definition of regular 
holonomic quantization- modules from [llj. 

Let X be a complex symplectic manifold and A a closed Lagrangian sub- 
variety of X. Let W be a deformation-quantization algebra on X. 

Definition A. 2.1. (i) One says that a coherent FoW-module A4q is 
regular holonomic along A if supp(A^o) C A and J^o/hAio is a 
coherent CA-module. 
(ii) One says that a coherent W-module Ai is regular holonomic along A 
if supp(A^) C A and there exists locally a coherent FoW-submodule 
A^o of such that Aio generates over W and A^o is regular 
holonomic along A. 

Recall that \Nx denotes the deformation-quantization algebroid. As the 
above definition is local, there is a natural notion of regular holonomic 
Wx-module along A. Let us denote by ModA,rh(Wx) the full substack of 
Modcoh(Wx) whose objects are regular holonomic along A. 

Up to shrinking X, we may assume that there exist a contactification 
p: F — J- X and a Lagrangian subvariety F of F such that p induces an 
isomorphism F — )• A. By definition, regular holonomic E^-modules along 
A are equivalent to regular holonomic Ey-modules along F. In order to 
compare quantization and deformation- quantization modules, let us thus 
consider the forgetful functor 

for: p*Modr,rh(EY) ModA,rh(Wx) 

induced by the equivalence Wx — Ch^ip] and the functor p^^E[p] — )• Ey from 

Proposition A. 2. 2. (i) The functor for is faithful but not locally full 
in general. 

(ii) If A is a smooth submanifold, the functor for is locally essentially 
surjective but not essentially surjective in general. 

(iii) The functor for is not locally essentially surjective in general. 

Proof, (i) holds more generally for the forgetful functor p^,Mod(Ey) — )■ Mod(Wx). 
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(ii) Let A be a smooth submanifold. Consider the commutative diagram 

p,Modr,rh(Ey) '-^ ModA,rh(Wx) 

p*Pi^LocSys(pj"^C 01/2) ^ LocSys(k 01/2), 

sjp '"A 

where pi : F x — )■ F is the projection. The vertical equivalences are due 
to Proposition 13.3. 11 and [3l Corollary 9.2], respectively. The bottom arrow 
is given hj L L\s=i, where s is the coordinate of C^. 

This shows that the forgetful functor is locally essentially surjective. To 
prove that it is not surjective in general, take X = and A the zero section 
of T*(C^). Then the local system with monodromy 1 + h around the origin 
is not in the essential image of the forgetful functor. 

(iii) follows from Proposition IA.2.31 below. □ 

Before stating Proposition IA.2.31 let us introduce some notations. 

Let M = C. Denote by (x, t; ^, r) the symplectic coordinates of P*(Mx C) 
and by {x;u) those of T*M. Let W = Wm, and recall that h = d^^. We 
will identify elements a G W with their total symbol a(x, M,r), and write 
for example for the operator with total symbol -§^a{x, u, r). 

Denote by 0\j = W/Wd^ the canonical regular holonomic module along 
the zero section 

Ai = {(x, m); u = 0}. 

The quotient map W Of^, b t— )■ [b] induces an isomorphism of vector 
spaces C°W with the subring of operators whose total symbol does 

not depend on dx- 

For m e Z>o, consider the Lagrangian subvariety A = Ai U A2, with 

A2 = {ix,u); u = X™}. 

For a G C°W, let Aia be the regular holonomic module along A with gen- 
erators Vi, V2 and relations 

dxVi = 0, {dx - x^dt)v2 = avi. 

Note that 

Let a' G C°W be another operator. If [a — a'] G {dx — x'^dt)0\j, then 
Ma ^ Ma'- In fact, if e G C^W satisfies edt , an isomorphism 
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Ma — > Ma' is given by vi v[, V2 V2 + ev[. Since Ol^/{dx — x'^dt)Ol,j ~ 
01^0^ kx*, we may thus assume that 

a = aQ + aix + ■ ■ ■ + am-ix"^"^ with aj G k. 

The following counterexample was developed by the second author (M.K.) 
while working with Pierre Schapira at 

Proposition A. 2. 3. If Ma — for(A/') for some Ey-module M , then a is 
homogeneous, i.e. a = a^^x^^ for some io G {0, . . . ,m — 1}. 

Proof. The existence of such an A/" is equivalent to the existence of an en- 
domorphism t of Ma such that [t, x] = [t, dx] = and [t, dt] = —1. 

(i) Let tvi = bvi + cf 2 for 6, c G C^W. Then 

= tdxVi = dxtvi 
= dx{hvi + CV2) 

= hxVi + CxV2 + c{x^dtV2 + avi). 

Hence 

hx + ac = 0, x^'cdt + c^; = 0. 

It follows from the second equation that c = 0. Thus the first equation 
implies that 6 G k. Up to replacing t by t — 6, we may assume that tvi = 0. 

(ii) Let tv2 = bvi + cf 2 for 6, c G C°>V. Then 

= t{{dx-x'^dt)v2-av,) 
= {dx - x"'dt)tv2 + x'^V2 - [t, a]vi 
= (dx - x^dt){hvi + CV2) + x'^V2 - [t, a]vi 

= bxVi + CxV2 + c{x"^dtV2 + avi) — x'^hdtVi — x"^cdtV2 + x"^V2 — [t, a]vi. 
Hence 

(A.2.1) ac + bx-x"'bdt-[t,a] = 0, Cx + x"' = 0. 

The second equation gives c = —"^^ + c/ for G k. Then, the first equation 
in (lA.2.ip can be rewritten 

{ad{dx) — x^dt){xa + (m + l)hdt) — (xa^ — ea + (m + l)(9t[t, a]) = 0, 

for e = {m+l)ddt — l G k. Hence xa+(m+l)69( = xax—ea+{m+l)dt\t^a] = 
0. Since a = Ylll^^ implies that ^™^Q^((e — i)aj — (m + l)5i[t, aj])x* = 

0. Hence we have (e — i)ai — (m + l)dt[t, Oj] = for every i. Thus we have 
either = or e = ^"^+^^^* + i. Since ^'"+')^''*'°'] G (m + 1)Z + F_ik, 
this implies a = ajgX*° for some 0<'io^''^~l- D 
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